Global Aspects of Spaces of Vacua by Sharon, Adar
Global Aspects of Spaces of Vacua
Adar Sharon∗
Department of Particle Physics and Astrophysics, Weizmann Institute of Science,
Rehovot 7610001, Israel
April 24, 2020
Abstract
We study "vacuum crossing", which occurs when the vacua of a theory are exchanged as we
vary some periodic parameter θ in a closed loop. We show that vacuum crossing is a useful non-
perturbative tool to study strongly-coupled quantum field theories, since finding vacuum crossing in
a weakly-coupled regime of the theory can lead to nontrivial consequences in the strongly-coupled
regime. We start by discussing a mechanism where vacuum crossing occurs due to an anomaly, and
then discuss some applications of vacuum crossing in general. In particular, we argue that vacuum
crossing can be used to check IR dualities and to look for emergent IR symmetries.
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2
1 Introduction
Computations in strongly-coupled quantum field theories (QFTs) are usually very challenging, since
these theories cannot be studied using perturbation theory in their couplings. As a result, one is
left with a very limited set of non-perturbative tools which can be used to analyze the theory. It
is thus important to both expand this non-perturbative toolbox and to understand existing non-
perturbative tools as much as possible.
One of these tools is the ’t Hooft anomaly, which has seen a resurgence in interest in recent
years. In this note we will be particularly interested in a certain form of ’t Hooft anomaly, called an
anomaly in the space of couplings [1, 2] (see also "global inconsistencies" [3, 4, 5]). A global anomaly
in the space of couplings (AISC) occurs when we have some periodic parameter θ ∼ θ + 2pi which
is no longer periodic when we couple to background gauge fields for some symmetry. Specifically,
we expect the partition function Z to obey
Z[θ + 2pi,A]
Z[θ,A]
= exp
(
2pii
ˆ
ω
)
, (1)
where A is a background gauge field for some symmetry and the phase ω is a local functional of A
which cannot be removed by adding local counterterms of the gauge fields to the theory. The most
interesting cases occur when ω cannot be continuously deformed to a trivial phase; this usually
happens if the coefficient of ω must be quantized, or if the anomaly can be canceled by adding
a d + 1-dimensional bulk action whose coefficient must be quantized. Then this anomaly can be
calculated in the UV (where the theory is usually weakly coupled), and must be matched in the IR
(where it is usually strongly coupled).
It is well known that anomalies are related to spectral flows, and in particular to level crossing.
To better understand this relation for AISCs, we restrict to the example of a quantum-mechanical1
particle on a ring (but the generalization to other AISCs is immediate), and follow an argument
from [1]. Consider the theory of a particle on a circle coupled to a background gauge field A for the
U(1) shift symmetry. The Euclidean action for this theory is
S =
ˆ
dt
[
1
2
(q˙ −At)2 − iθ
2pi
(q˙ −At)
]
(2)
1Level crossing is very different in quantum mechanics (where it usually does not occur) and in QFT. While the
examples we will be interested in are QFTs, the argument is most easily understood in a quantum mechanics example,
and it is easily generalized to higher dimensions.
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Figure 1: The energy levels for the particle on a ring are En = 12
(
n− θ
2pi
)
for n ∈ Z. Starting
at θ = 0 and raising it to θ = 2pi, we find the same structure of energy states, but a nontrivial
identification of them has occured: the n’th level has become the n− 1’th level. In particular, we
must have level crossing for some value of θ.
where q ∼ q+ 2pi is compact and as a result the coupling θ is periodic, θ ∼ θ+ 2pi. This theory was
shown to have a mixed anomaly between the θ parameter and the U(1) shift symmetry [6, 1]:
Z[θ + 2pi,A]
Z[θ,A]
= exp
(
−i
ˆ
dtAt
)
, (3)
which is precisely of the form (1). Here we recognize the 1d CS term on the RHS, which has a
quantized coefficient. Although for a generic value of θ we expect a single ground state, we can
now argue that at some value θ∗ ∈ [0, 2pi] we must have ground state degeneracy. Indeed, since the
coefficient of the CS term is quantized, a unique ground state cannot reproduce the jump (3). We
must therefore have level crossing at some value θ = θ∗. The energy levels for this theory can be
found exactly as a function of θ at At = 0, and one can explicitly show that level crossing occurs,
see Figure 1. This argument easily generalizes to a large class of theories and to higher dimensions.
We thus expect theories with an AISC and with a gapped, trivial vacuum for generic values of a
periodic parameter θ to undergo level crossing (between the vacuum and some other state) for some
θ∗.
It is now interesting to ask what happens if we have an AISC, but level crossing is prohibited
(this can be arranged using supersymmetry, as we shall soon see). From the argument above, it is
clear that this can only happen if the ground state of the theory is nontrivial, and so we will focus
on theories where the vacuum is comprised of several trivial and gapped ground states which are
related by some spontaneously broken discrete symmetry. Since we have prohibited level crossing,
and since the argument above tells us that each ground state cannot match the anomaly on its own,
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Figure 2: A schematic example of vacuum crossing. On the left we plot a potential V (φ) at various
points in parameter space. The key point to note is that if we follow one minimum around a circle
in parameter space, we end up in the second minimum. On the right we plot the corresponding
behavior of the vacua in the φ plane. The vacua are thus exchanged once we complete the loop in
parameter space.
it is clear that the only way to match the anomaly is by having the vacua themselves be rearranged
as we take θ → θ + 2pi. Thus, as we go from θ to θ + 2pi, we find that the vacua are exchanged
nontrivially. We will call this phenomenon vacuum crossing; it is depicted schematically in Figure
2. We emphasize that as opposed to level crossing, the states which are being exchanged here will
always have the same energy.
One way to prohibit level crossing is to use supersymmetry (SUSY). Consider some SUSY theory
with a nonzero Witten index and with an AISC. In addition, assume that we have a discrete number
of ground states which are related by a broken (discrete) symmetry. We can now argue that level
crossing with the vacua is prohibited as we vary a symmetry-preserving parameter: since the vacua
are all related by the broken symmetry, they can only be "lifted" simultaneously, but the nonzero
Witten index prohibits these vacua from being lifted all together (since the number of bosonic
and fermionic states must be equal for all positive energies). As a result, the vacua must undergo
vacuum crossing in order to match the AISC. In this note we will study some examples where
vacuum crossing occurs due to this mechanism.
We can also interpret vacuum crossing as being a limiting case of level crossing, where we take
the energy difference of the two levels to zero. We will discuss this interpretation in some of our
examples.
It is best to have a specific (and simple) example of vacuum crossing in mind before moving on.
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To this end, consider a 3d N = 2 Wess-Zumino (WZ) model with a single chiral superfield Φ and
superpotential W = 13Φ
3. This model is well understood, and in particular in the IR it flows to
a conformal field theory (CFT) known as the 3d N = 2 Ising model. Next, deform the theory by
adding a linear superpotential term, so that
W =
1
3
Φ3 + λΦ . (4)
In particular, we have explicitly broken the U(1)R R-symmetry of the model into a ZR2 symmetry
which takes Φ→ −Φ. We now study the vacuum structure of this new theory. For any λ 6= 0, the
theory has two vacua at
〈Φ〉 = ±
√
λ , (5)
and so the ZR2 symmetry is spontaneously broken (this semiclassical analysis can only be trusted
at large |λ|, where 〈Φ〉 is large; otherwise, the theory is strongly coupled). The phase diagram at
large λ thus consists of two gapped vacua. We now imagine slowly going around a circle in the λ
plane, and coming back to the same point (that is, taking λ → e2piiλ). Since we start and end at
the same value of λ, the overall vacuum structure must be the same. However, the two vacua do
not go back to themselves - instead, they are exchanged once we complete the circle. This is easily
seen by plugging in λ → e2piiλ into the vacua (5), which takes Φ → −Φ. We have thus found that
although the vacuum structure has gone back to itself once we complete a circle in coupling space,
there is a nontrivial identification of the vacua between themselves (see Figure 2). This is vacuum
crossing.
While we have argued that vacuum crossing is expected to occur in some theories with anomalies,
the opposite is not necessarily true, and vacuum crossing can occur even without an AISC. It is then
interesting to consider the consequences of vacuum crossing independently of AISCs. Specifically,
some consequences are:
• First, vacuum crossing cannot be continuously extended throughout an entire 2d phase dia-
gram. We thus learn that there must be a phase transition (a singularity) for some value of
λ inside our loop. Indeed, it is known that the example discussed above has a CFT at λ = 0.
Since the singularity involves merging of states with the same energy, we expect this to be
a continuous phase transition, and so we would always expect the singularity to be a CFT
(which may be a free theory).
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• Second, if vacuum crossing occurs close enough to a CFT, then any dual theory must also
exhibit vacuum crossing. Thus vacuum crossing can be used as a check for various IR dualities.
We will discuss examples where vacuum crossing is matched across a duality, and also discuss
some subtelties with this rule.
• Finally, we will argue that vacuum crossing can be used as a tool for finding emergent IR
symmetries.
We emphasize that these consequences apply to the strongly-coupled CFT in the IR, even though
the entire analysis is semiclassical and can be done solely in the weakly-coupled regime with large |λ|.
We are thus able to study aspects of the strongly-coupled theory using a weakly-coupled description,
and so vacuum crossing is a new non-perturbative tool to study QFTs.
Some forms of vacuum crossing have been discussed in the past in the literature, e.g. in mass-
deformed 4d N = 4 SYM (see [7] and references therein). Here we will perform a more detailed
study of this phenomenon and its consequences.
The rest of this note will consist of two main parts. In Section 2 we will present some simple
examples of vacuum crossing, and we will use them to discuss the relation between vacuum crossing
and AISCs. In Section 3 we will discuss vacuum crossing independently of AISCs, and study the
consequences discussed above. In particular, we will argue that vacuum crossing can be used to
check dualities and to look for emergent symmetries. We will give several examples to elucidate all
of these points.
2 Examples and Relation to Anomalies in Couplings
2.1 4d N = 1 Pure SU(N) Gauge Theory
We first discuss vacuum crossing in a 4d N = 1 supersymmetric SU(N) Yang-Mills theory (SYM)
and its relation to AISCs. We start by reviewing the lore behind this theory (see e.g. [8]). Naively
this theory has a U(1)R R-symmetry, but this symmetry is explicitly broken due to an ABJ anomaly
to a Z2N R-symmetry. This symmetry is then spontaneously broken to Z2, leading to N degenerate
vacua. These vacua are related to gaugino condensation; denoting the gaugino by λa, we expect to
find
〈λ2〉 ∼ (Λ3N )1/N , (6)
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with Λ the strong coupling scale. We write
Λ3N = µ3Ne2piiτ , (7)
with τ the complexified gauge coupling, τ = 4pii
g2
+ θ2pi . We thus find N vacua at
〈λ2〉 ∼ e2pii τ+kN (8)
for k = 1, ..., N .
Noting that τ is periodic (we have τ ∼ τ + 1, which is equivalent to θ ∼ θ + 2pi), we can ask
what happens to the vacua as we take τ around in a loop to τ + 1. It is easy to see that under this
transformation the N vacua (8) are rotated cyclically into each other. We have thus found vacuum
crossing. Specifically, if we identify all of the points at τ = i∞, the parameter space becomes a
plane, and taking τ → τ + 1 means going around in a circle in this plane whose center is at τ = i∞.
We thus have a singularity at the point τ = i∞, which is simply the free theory.
We now relate this example to an AISC as discussed in the Introduction. First, it is easy to
show that there exists an AISC in this theory, since pure (non-SUSY) YM has an AISC between its
center ZN 1-form symmetry and the θ parameter [2], and adding the adjoint fermion to get N = 1
SYM does not change this fact. Specifically, coupling the theory to a background ZN 2-form gauge
field B (which twists the gauge bundle to PSU(N) with Stiefel-Whitney class u2 = B) we find
Z[θ + 2pi,B]
Z[θ,B]
= exp
(
2pii
N − 1
2N
ˆ
P(B)
)
, (9)
where P is the Pontryagin square operation.2 We thus have a mixed global AISC between the ZN
1-form symmetry and the θ term (as in equation (1)). Next, note that the vacua of this theory are
all related by the spontaneously broken symmetry, and that the Witten index I for this theory is
I = N and so is nonzero [9]. As discussed in the Introduction, this means that level crossing with
the vacuum is prohibited, and so vacuum crossing is necessary for consistency with the anomaly.
2.2 2d N = (2, 2) U(1) Gauge Theory
We now consider two versions of a 2d N = (2, 2) U(1) gauge theory. The first will have Nf matter
superfields with charge +1, while the second will have a single superfield of charge q > 1. Both of
these examples will exhibit vacuum crossing, which we will relate to AISCs.
2Since our theory is supersymmetric, there is a SUSY version of equation (9) which is more precise. But for our
purposes it is enough to consider turning on only the gauge field, without the rest of the supermultiplet.
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First, consider a U(1) gauge theory with Nf matter fields of charge +1. We consider this theory
as a function of the complex coupling t = ir + θ2pi , where r is the Fayet-Iliopoulos (FI) parameter
3
and θ is the θ-term. Following e.g. [10], we find Nf SUSY vacua at
s = µe
2pii(t+k)
Nf , k = 1, ..., Nf , (10)
where the scalar s is the bottom component of the gauge multiplet. These vacua are related to the
spontaneous breaking of a discrete axial R-symmetry.4 As we take θ in a loop to θ + 2pi (which
is equivalent to t → t + 1), we find that the vacua (10) are exchanged cyclically, and so we have
vacuum crossing.
Vacuum crossing in this theory is again related to the existence of an AISC between the θ
parameter and the PSU(Nf ) symmetry [11, 6]. Explicitly, if we couple the theory to a background
PSU(Nf ) gauge field B we find
Z[θ + 2pi,B]
Z[θ,B]
= exp
(
i
2pi
Nf
ˆ
u2(B)
)
, (11)
where u2(B) is the second Stiefel-Whitney class of the PSU(Nf ) bundle. Since the Witten index
is I = Nf (as this is just the CPNf−1 model) and so is nonzero, we find that vacuum crossing is
necessary in this theory for consistency with the AISC.
Next, consider a U(1) gauge theory with a single matter field of charge q > 1. A similar analysis
reveals q SUSY vacua at
s = µe
2pii(t+k)
q , k = 1, ..., q , (12)
which are again related to the breaking of a discrete R-symmetry. It is easy to see that we have
vacuum crossing as we take θ → θ+ 2pi. Once again, this is related to an AISC which exists in this
theory [12] (see also [1]) between the θ-parameter and the Zq 1-form symmetry. Indeed, coupling
the theory to a background Zq 2-form gauge field K one finds
Z[θ + 2pi,K]
Z[θ,K]
= exp
(
−i2pi
q
ˆ
K
)
. (13)
Since the Witten index of this theory is nonzero, we again find that vacuum crossing was necessary
for consistency with the AISC.
3The FI parameter is renormalized in these theories, and the effective FI parameter at an energy scale µ is r(µ) =∑
i qi
2pi log(µ/Λ) with {qi}
Nf
i=1 the charges of the matter fields and Λ a dynamical scale. One can imagine fixing a scale µ for
the following.
4Naively these theories have a U(1) axial R-symmetry, but this is broken to Z2Nf due to an ABJ anomaly. This
remaining R-symmetry is then spontaneously broken to Z2, leading to the Nf vacua in equation (10).
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2.3 Wess-Zumino Models with Four Supercharges
Finally, we consider the example from the Introduction, which is a 3d N = 2 Wess-Zumino (WZ)
model with superpotential W = 13Φ
3 + λΦ. As discussed above, this example exhibits vacuum
crossing. Similar examples can be found in other dimensions; for example, an identical analysis can
be performed for a 2d N = (2, 2) WZ model with superpotential
W =
1
n
Φn +
1
k
λΦk , (14)
for n ≥ 3 and k ≤ n− 2. We will focus on k = 1 for simplicity, but the result is easily generalized.
At λ = 0 we have a U(1)R R-symmetry, but this is explicitly broken to ZRn−1 for any λ 6= 0. Solving
the F-term equations for large |λ| we find n − 1 vacua due to spontaneous breaking of this ZRn−1
symmetry. As we go around the origin in the λ plane, the n − 1 vacua are exchanged cyclically,
and so we have vacuum crossing. Vacuum crossing here leads to the same consequences described
in the Introduction; in particular, for any n the theory with λ = 0 flows to a CFT which is just the
N = (2, 2) An−1 minimal model (see e.g. [13] and references therein). A similar analysis works in
higher dimensions for any n, although when the superpotential is non-renormalizable we must think
of these only as IR effective theories.
As discussed in the Introduction, we can think of vacuum crossing as a limiting case of level
crossing where the energy difference between the levels goes to zero. We now show this explicitly
in these WZ theories.5 Consider adding a potential term which breaks both SUSY and the ZRn−1
symmetry. For example, we can add a term h|φ − 1|2 to the bosonic potential with very small h
(where φ is the bottom component of Φ). This term splits the degeneracy between the n− 1 vacua,
and now we find a vacuum state and a low-lying state at energy ∆E ∼ h above the vacuum. as
we go around the circle in this deformed theory, the two states are exchanged, and so we have level
crossing. Since the theory (14) is obtained in the limit h → 0, we find that vacuum crossing is
indeed a limiting case of level crossing where the energy difference between the levels goes to zero,
so that the "crossing" is confined to a specific energy level.
Next we discuss the relation to AISCs for these theories in even dimensions.6 We will do this
explicitly for the 4d theory, but it is easy to generalize this to any even dimension. First we must
5The author thanks O. Mamroud for useful discussions on this example.
6It is not clear yet if there is a relation for odd dimensions. One might expect a similar argument to work in odd
dimensions using the parity anomaly, but the generalization is not obvious since the superpotential mass is not parity-odd.
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find the AISC in these examples. We start by discussing the free 4d Weyl fermion ψ, which has a
subtle AISC [1] which is not precisely of the form (1). Specifically, using spurion analysis we find
that if we give ψ a complex mass M = eiθm (where m ∈ R), the partition function obeys
Zψ[e
iθm]
Zψ[m]
= exp
(
− iθ
384pi2
ˆ
R ∧R
)
, (15)
where in our notation 1
384pi2
´
R ∧ R ∈ Z on closed spin manifolds. While there is no global AISC
in the original sense here (since at θ = 2pi the phase is trivial on closed manifolds), there is a more
subtle anomaly which prohibits us from identifying all of the points at |m| → ∞. Let us now repeat
this calculation for our 4d N = 1 WZ theories with superpotential (14). A similar spurion analysis
shows that we actually do have an AISC in the standard sense of equation (1) in these theories,
since the partition function obeys
Z[eiθλ]
Z[λ]
= exp
(
− iθ
384pi2
1
n− 1
ˆ
R ∧R
)
, (16)
and so the phase is not trivial for θ = 2pi. These are therefore new theories with AISCs. The Witten
index for these theories is I = n − 1, and so due to this AISC we again find that there had to be
vacuum crossing for this theory to be consistent.
3 Applications Beyond Anomalies
We now discuss vacuum crossing more generally. In particular, we will encounter examples where
vacuum crossing is not related to an anomaly by the simple mechanism described in the Introduc-
tion, and so we will study vacuum crossing independently of AISCs. We start by discussing two
applications of vacuum crossing:
1. Checking dualities.
2. Looking for emergent symmetries.
Along the way, we will give more examples of vacuum crossing which are related to these applications.
We then discuss a generalization of vacuum crossing, where we go through a phase transition as we
go around the cycle in parameter space. We will use this generalization as another example of both
of these applications.
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3.1 Checking Dualities
If vacuum crossing occurs around some CFT for a specific theory, we also expect it to occur in any
other theory which is IR dual to it. We can thus use the existence of vacuum crossing to check
certain dualities.
However, one must be careful when using this rule. In most of our examples, we cannot show
that vacuum crossing occurs around specific CFTs, since these points are usually strongly coupled.
Instead, the best we can do is show that it occurs far away from the CFT. It could be that there
are many CFTs close to the origin of our parameter space, and it is enough for only one of them
to exhibit vacuum crossing in order for the phase diagram to be consistent. Thus, even if vacuum
crossing occurs far from the origin, the theory might flow to a CFT which does not exhibit vacuum
crossing. In fact, it is possible that the vacua run off to infinity as we approach a specific CFT, so
that in the IR we cannot even see the vacua that supposedly undergo vacuum crossing.
We now describe in detail a few examples where vacuum crossing occurs and can be matched
across dualities. We then describe an example where it is not matched across a duality since vacuum
crossing does not occur close enough to the CFT.
3.1.1 A Four-Way Duality
We start by matching vacuum crossing across four theories which are conjectured to be dual. Con-
sider the theory described in [14, 15] and further analyzed in [16]. This is a 3d N = 1 WZ model
with a superfield Φ which is a traceless Hermitian 3× 3 matrix. The superpotential is
W = TrΦ3 , (17)
and the symmetries are an SU(3) symmetry with Φ in the adjoint representation, and a Z2 R-
symmetry acting as Φ→ −Φ. This R-symmetry prohibits terms like TrΦ2 from appearing.
We now deform the theory by the additional term TrMΦ withM an Hermitian traceless matrix,
explicitly breaking the SU(3) global symmetry to its Cartan U(1)×U(1) (for generic values of M).
We can use the global symmetry to diagonalize M and bring it to the form M = m3T3 + m8T8
with Ta the generators of SU(3) (normalized such that TrTaTb = 12δab). At large m3,m8 the theory
is weakly coupled and one can solve for the vacua explicitly. One finds that for generic values of
m, there are two gapped vacua at Φ = ±Φ0, so that the Z2 R-symmetry is spontaneously broken.
In addition, there are three rays that start at the origin along which the effective theory is a CP1
12
Figure 3: The phase diagram of the 3d N = 1 WZ model. At generic points we find two gapped
vacua at low energies, while along the blue rays we find a CP1 model. Φ0 is given in Appendix A.1,
and a simple analysis shows that vacuum crossing occurs as we go around the origin.
model. In Appendix A.1 we find the full phase diagram of this theory, and show that it exhibits
vacuum crossing between the two gapped vacua. We present this phase diagram in Figure 3.
This example is different from the ones discussed above, since a moduli space opens up as we go
around the loop in parameter space. This means that we can no longer argue that vacuum crossing
must occur if the theory has an anomaly and level crossing is prohibited, and so vacuum crossing
here might not be related to an anomaly. In addition, the appearance of a moduli space means that
we can continuously go around the cycle and end up at the same vacuum, and so we cannot argue
that there exists a CFT at the origin (however, in these examples we can use the phase structure
itself to argue for the existence of a CFT near the origin, since the point where the three moduli
spaces meet is a singularity). On the other hand, this form of vacuum crossing is still useful since
dual theories must match it.
This WZ model has a few conjectured IR duals7 [14, 18, 19]:
(a) An N = 2 U(1)0 gauge theory with two matter fields of charge 1.
(b) An N = 2 SU(3)5/2 gauge theory with three matter fields Qi and superpotential W =
abcijkQ
i
aQ
j
bQ
k
c .
(c) An N = 2 U(2)2,−2 gauge theory with 2 fundamental matter fields.
7The recent bootstrap analysis [17] found some possible issues with the duality between the WZ theory and theory (a).
These must be studied more carefully in order to make the statement of the duality more precise.
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As a check of these dualities, one can find whether they all exhibit vacuum crossing when we add the
appropriate couplings. Indeed, we show this for theories (a),(b) in Appendix A, while for theory (c)
this can be shown using similar arguments [20]. So we indeed find that vacuum crossing is matched
across all of these theories, which is consistent with the conjectured dualities.
Note that two of the dual theories above do not have a UV time-reversal symmetry which relates
the two vacua. However, the duality tells us that such a symmetry must appear in the IR. We will
discuss the relation between vacuum crossing and these emergent symmetries in Section 3.2.
As an aside, we discuss the 2d version of the WZ model (17).8 This is a 2d N = (1, 1) WZ model
with a single chiral superfield in the adjoint of SU(3) and the same superpotential described above:
W = TrΦ3 + TrMΦ . (18)
While the 3d version of this model was studied in the literature, the 2d version has not been
discussed. At M = 0 the theory has a Z2 R-symmetry with similar consequences to those discussed
in [14], and for general M its classical phase diagram is identical to the 3d phase diagram in Figure
3. However, since there are no moduli spaces in 2d, the CP1 model appearing along the three rays is
lifted by quantum effects. Since the CP1 model has Witten index 2, we expect there to remain two
trivial vacua, and so the low energy theories along these rays are identical to the rest of the phase
diagram. The entire phase diagram thus consists of two gapped vacua. Just like in 3d, vacuum
crossing occurs as we go around the origin, but since no moduli spaces appear in 2d this leads to
stronger constraints on the theory. In particular, since vacuum crossing occurs, we find that there
must be a CFT near the origin. Presumably this CFT is at M = 0, since the theory has enhanced
symmetry there.
We can ask what CFT appears at the origin of the 2d model. Just like the 3d model, there are
signs that this CFT has emergent N = 2 SUSY. Specifically, one can repeat the analysis of [16] for
the 2d theory. The calculation is almost identical to the 3d case, and the result is that the domain
walls between the two gapped vacua have emergent SUSY with 2 supercharges. Assuming these
are 1/2-BPS, this is consistent with emergent SUSY with 4 supercharges appearing at the CFT.
The vacuum structure is also consistent with emergent N = 2 SUSY. However, these checks are
relatively weak and so further evidence is required for the emergent SUSY. In particular, it would
be nice to find a dual description, possibly with N = 2 SUSY. Unfortunately we have not found
8The author thanks Z. Komargodski for useful discussion on the 2d version of the WZ model.
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such a theory yet. Presumably, this dual should also exhibit vacuum crossing.
3.1.2 2d Mirror Symmetry
We consider the mirror duals of the two theories discussed in Section 2.2. Since we showed that
both theories exhibit vacuum crossing, we expect it to occur in their duals as well.
The first theory was a 2d N = (2, 2) U(1) gauge theory with Nf superfields of charge 1. Its
mirror dual has twisted superpotential (see [21] and references therein)
W˜ =
1
4pi
Σ
 Nf∑
k=1
Yk + 2piit
+ ic Nf∑
k=1
e−Yk
 , (19)
where t is the complexified FI parameter and c is a constant. Here Σ is the twisted chiral multiplet
corresponding to the field strength of the vector multiplet of the original theory, and Yk ∼ Yk + 2pii
are also twisted chiral multiplets. Solving for the vacua of the theory, we find Nf vacua where the
Yk’s all have the same vev
Y1 = ... = YNf ≡ Y(j) , (20)
with
Y(j) = −
2pii(t+ j)
Nf
, j = 1, ..., Nf . (21)
It is then easy to see that taking t in a loop to t+ 1 leads to vacuum crossing as expected.
Next we consider the U(1) gauge theory with one field of charge q. Its mirror dual has twisted
superpotential [21]
W˜ =
1
4pi
[
Σ (qY + 2piit) + ice−Y
]
, (22)
with c some constant. There are thus q vacua at
Y(j) = −
2pii(t+ j)
q
, j = 1, ..., q. (23)
Once again we find that vacuum crossing occurs, as expected.
3.1.3 Duality Between a 4d N = 1 WZ theory and a Free Field
We now discuss an example where vacuum crossing is not matched across a duality, and it is
interesting to understand why this fails. The duality is between a 4d N = 1 WZ theory with
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superpotential W = 13Φ
3 and a free chiral multiplet.9 As discussed in Section 2.3, the WZ theory
exhibits vacuum crossing when we deform it by the superpotential term λΦ. However, the dual
theory does not have a deformation which exhibits this phenomenon. In fact, there is no dual
deformation which creates the same vacuum structure for this theory. The reason is that as we go
to low energies in the WZ model, the two vacua go to infinity in Φ space (since the coefficient of Φ3
goes to zero). These vacua thus do not appear in the corresponding deformation in the dual theory,
and in particular, vacuum crossing does not occur.
We have thus found an example where vacuum crossing occurs far from the CFT on one side
of a duality and is not matched on the other side. Another mechanism where this can happen is
if there are many CFTs close to the origin, in which case vacuum crossing may occur only around
some of these CFTs and not around others. We conclude that in general one must be careful when
matching vacuum crossing across dualities if the vacuum crossing occurs far away from the CFT.
3.2 Emergent Symmetries
In most of the examples of vacuum crossing discussed above, the vacua which are exchanged are
related by some broken symmetry. This is satisfying due to the mechanism discussed in the In-
troduction in which vacuum crossing occurs due to a broken symmetry and an AISC. However,
some of the examples seem to exhibit vacuum crossing without a symmetry which relates the vacua.
Interestingly, it turns out that in all such examples above, the situation is a bit more subtle; while
there is no UV symmetry which relates the vacua, there is an emergent IR symmetry which appears
near the CFT which does relate them. We thus find that there is a symmetry relating the vacua,
but it is only visible in the IR, near the CFT. We now show this explicitly.
Consider the four-way duality from Section 3.1.1. As emphasized in [18], the full symmetry of
the IR theory is not manifest in any of the UV descriptions; the CFT has N = 2 SUSY, an SU(3)
global symmetry and time-reversal symmetry, but each of the UV descriptions exhibits at most only
two of these three. Let us focus on the theories (b),(c) of Section 3.1.1, which do not have time-
reversal symmetry in the UV. The phase diagram of these theories consists of two gapped vacua
which undergo vacuum crossing, and there is no UV symmetry which relates them. However, from
the duality we know that these vacua are related by an emergent time-reversal symmetry in the IR.
9Note that the WZ model is IR free, so we treat it as an IR effective theory and only consider it for small values of Φ
where it is valid.
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So the existence of vacuum crossing is related to the appearance of an emergent IR symmetry which
relates the two vacua.
A similar result appears in the generalized version of vacuum crossing to be discussed in Section
3.3, where there exists a phase transition as we go around the cycle in parameter space. We will
find more theories which exhibit vacuum crossing without a symmetry which relates the vacua, but
again, a duality will tell us that there exists an emergent discrete symmetry in the IR which relates
the vacua.
We have thus seen that in every example discussed above, vacuum crossing is related to the
existence of a spontaneously broken symmetry (which might be emergent). One can ask whether
this is a generic phenomenon.10 Indeed, it seems as though it is not possible to find a simple SUSY
WZ model with 4 supercharges in which vacuum crossing is not related to a symmetry. To see
this, consider a 2d N = (2, 2) WZ model with a single chiral superfield Φ (the example can be
immediately generalized to higher dimensions). If the superpotential is cubic then by a redefinition
of the superfield we can always bring it to the form discussed in Section 2.3, and so vacuum crossing
is related to a broken Z2 symmetry. We thus consider a general quartic superpotential (after shifting
Φ to remove the cubic term):
W =
1
4
Φ4 +
λ2
2
Φ2 + λ1Φ . (24)
For vacuum crossing, we need the parameter space to be 1 complex-dimensional, so we consider
some codimension 1 surface in the (λ1, λ2) plane. For concreteness we will fix λ2 = 1, but due to
the topological nature of vacuum crossing we do not expect it to depend on small changes in the
couplings. The F-term equations are cubic equations, and so we generically find 3 SUSY vacua
with singularities wherever two of the vacua meet, and around these singularities we find vacuum
crossing. The full theory does not have any global symmetry which can relate the two vacua, but
expanding around the singularities we find an emergent symmetry which does relate them. Indeed,
expanding the superpotential around a singularity we find that it should be described by the effective
superpotential W ∝ Φ3, which reduces to the same theory described in Section 2.3. In particular,
there appears an emergent Z2 symmetry relating the two vacua which meet at the singularity, and
so vacuum crossing here is related to an emergent symmetry. This analysis is easily generalized to
superpotentials with higher powers of Φ, and to cases where n > 2 vacua meet at a singularity (in
which case the effective theory will be W ∝ Φn+1, and we find an emergent Zn R-symmetry). Thus,
10The author thanks O. Aharony for useful discussions on this subject.
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vacuum crossing is always related to a (possibly emergent) broken symmetry in these SUSY WZ
theories.
Indeed, it is intuitively clear why vacuum crossing must be related to a symmetry as long as we
do not cross a phase transition or a moduli space as we go around the loop in parameter space. As
we approach the singular point where the vacua meet, the loops in parameter space along which
we find vacuum crossing get smaller and smaller. We thus find that by a smaller and smaller
change of our parameters, we can map one vacuum into the other. We thus expect there to appear
an approximate symmetry relating the vacua as we approach the singularity. Since theories with
holomorphic superpotentials do not have phase transitions (since phase transition lines must be
complex codimension 1, so that we can always "go around" them), this explains why we cannot find
a simple complex WZ theory which is a counterexample.
These arguments and examples lead us to the following conjecture. If vacuum crossing occurs
close enough to a CFT, and if we do not cross a phase transition or a moduli space as we go
around the loop in parameter space, then this vacuum crossing must be related to the existence of
a spontaneously broken symmetry. In particular, if the symmetry is not visible in the UV, it must
be emergent in the IR. This gives us a tool to look for IR emergent symmetries in strongly coupled
theories.
There are signs that an even stronger claim can be made. Indeed, we have discussed the example
of the four-way duality, where vacuum crossing is related to an emergent symmetry even though
we cross a moduli space. In addition, in the next section we will see examples where this occurs
even though we go through a phase transition. One can then ask whether vacuum crossing must be
related to a broken symmetry even if we cross a moduli space or a phase transition. However, this
claim seems too strong.11 Thus, at the moment it is unclear whether a definitive statement can be
made regarding the relation between vacuum crossing and symmetries in cases where the loop in
parameter space crosses a phase transition or a moduli space.
11One can imagine a case where vacuum crossing occurs between two vacua which have completely different low-energy
theories, but which "transform into each other" as we cross a phase transition. Since the vacua are different, there cannot
be a symmetry relating them.
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Figure 4: Phase diagram of the U(1)0 gauge theory with Nf charge +1 matter fields (we draw the
phase diagram at generic points and ignore some rays along which moduli spaces open up). The
low-energy theories at s = ± 2
Nf
r are U(1)∓Nf/2, while the low-energy theories at s = ±m are a
CPNf/2−1 model. Along the blue lines, moduli spaces open up. As we go around the circle, we find
vacuum crossing.
3.3 A Generalization
Let us discuss a generalization of vacuum crossing, in which there is a phase transition as we vary
the periodic parameter θ. This example will also give us another example of matching vacuum
crossing across dualities, and of the relation between vacuum crossing and emergent symmetries.
We discuss a 3d N = 2 U(1)0 gauge theory with Nf fields Qi of charge +1 (the case Nf = 2
was discussed in Section 3.1.1).12 The theory has a global SU(Nf ) × U(1)T global symmetry. We
deform the theory by an FI term r, and also by real masses Mij for the SU(Nf ) symmetry which
take the form
Mij = m
1Nf2 ×Nf2
−1Nf
2
×Nf
2
 , (25)
for somem ∈ R and where 1k×k is the k×k identity matrix. This choice preserves an S [U (Nf/2)× U (Nf/2)]
global symmetry, and so while m can change due to quantum corrections, the structure of Mij will
not. We solve for the vacuum structure of this theory in Appendix B, and present the result in
Figure 4. Denoting the bottom component of the vector multiplet by s, we find that the low-energy
theories for the vacua at s = ± 2Nf r are U(1)∓Nf/2, while for the vacua at s = ±m we find CP
Nf/2−1
12Note that our conventions for the Chern-Simons level force Nf to be even.
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theories. We have only described the vacua at generic points; there are some special lines where
moduli spaces open up.
We can now study vacuum crossing in this example. Following one of the vacua around a circle
which goes around the origin in Figure 4, we find that we end up at the other vacuum. However,
these examples are different than those discussed above, since the effective theories at the vacua
change as we go around the circle due to phase transitions. As a result of these phase transitions
(and since moduli spaces appear as we go around the circle), we cannot argue that vacuum crossing
is related to an anomaly here. In addition, we cannot use vacuum crossing to argue for the existence
of a CFT at the origin here (although once again this can be done using other methods). However,
we can still discuss the matching of this version of vacuum crossing across dualities. Conjectured
dual theories include the following 3d N = 2 gauge theories [19, 22, 23, 24, 25]:
• U(Nf/2− 1)0 with Nf fundamental superfields,
• U(Nf/2 + 1)−2,Nf with Nf fundamental superfields,
• SU(Nf/2)1 with Nf fundamental superfields.
Indeed, one can check that the simple cases of these duals also exhibit vacuum crossing.
Finally, we discuss emergent symmetries in these examples. Note that for the last two dual
theories, time-reversal is not a symmetry in the UV, and so the vacua are not related by any
symmetry. However, the duality tells us that in the IR an emergent time reversal symmetry appears.
We thus have many more examples where vacuum crossing is related to the appearance of an
emergent IR symmetry, even though we cross a phase transition as we go around the loop in
parameter space.
4 Summary
In this note we discussed vacuum crossing, which occurs when vacua are exchanged nontrivially as
we continuously take a periodic parameter θ in a loop from θ to θ + 2pi. We showed that in some
cases this phenomenon is related to AISCs, and also discussed applications beyond anomalies. In
particular, we argued that vacuum crossing can be used to check dualities, and that it can be used
to search for emergent symmetries. This makes vacuum crossing a useful new tool to study strongly
coupled QFTs.
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There are some generalizations which we did not consider in this note. Specifically, in all of
our examples we considered parameter spaces which were two-dimensional. We can ask what
consequences of vacuum crossing can be generalized to cases where the parameter space M is
d-dimensional for d > 2. Assuming that all of our vacua come from some broken discrete symmetry
group G, we can think of our space of vacua as being G-valued at every point onM. We thus have
a principal G-bundle with base space M. It turns out that since G is discrete, these bundles are
trivial unless pi1(M) 6= 0. In other words, unless pi1(M) 6= 0, we can always "unwind" the vacuum
crossing structure, meaning that there does not have to be a singularity at the origin. Indeed, in
all of our examples above we think of our parameter space as beingM = R2/{x0} where x0 is the
position of our singularity, and so pi1(M) is not trivial. In higher dimensions it is just technically
more complicated to find cases where pi1(M) 6= 0, and where our analysis holds. One example
where this occurs is if there exists a conformal manifold in our d-dimensional parameter space. For
example, consider the 3d N = 2 WZ theory with three superfields X,Y, Z and superpotential
W = τXY Z − (X3 + Y 3 + Z3)− λX . (26)
For λ = 0, τ is an exactly marginal operator [26] (for a recent analysis see [27]). The parameter
space is thus13 M = C2/C, since we have a singularity at λ = 0 for all τ . In particular, we find
pi1(M) 6= 0. A quick analysis shows that vacuum crossing does occur as we take λ → e2piiλ, and
since pi1(M) 6= 0 we find that this leads to nontrivial consequences.14
One can also consider vacuum crossing when the theory has a continuous moduli space of vacua.
First we discuss the case where this moduli space is a result of the breaking of a continuous symmetry.
It is not clear that one can clearly define vacuum crossing in such a case, since all of the points
are equivalent and so one can always continuously rotate the moduli space to remove any "vacuum
crossing" in it. Thus it does not seem as though vacuum crossing is useful in theories with a broken
continuous symmetry. However, if the moduli space is not a result of a broken symmetry, then it
could have "special points" which are distinguishable from other points (e.g. by the effective theory
at that point). In this case we expect the consequences to be similar to vacuum crossing if these
special points have nontrivial winding numbers as we go around cycles in parameter space.
13The parameter space is more subtle since there is a duality group which acts on τ , but this does not affect our main
points.
14Of course, this example is weaker than the previous ones, since we had to know in advance that there is a CFT for
each τ in order to get nontrivial results.
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We have only discussed a few examples of vacuum crossing and its applications in this note. We
hope that vacuum crossing will find more uses in the future.
Acknowledgments
The author is grateful to C. Choi, A. Giveon, R. Kalloor, K. Roumpedakis, T. Sheaffer, E. Urbach,
Y. Wang and M. Watanabe for helpful discussions. The author would especially like to thank
O. Aharony, Z. Komargodski, H. T. Lam, O. Mamroud and L. Tizzano for discussions and for
comments on a draft of the paper. The author also thanks S. Seifnashri for discussions and for
sharing unpublished work. Finally, the author is grateful to the SCGP for hospitality during the
initial stages of this project. The author is supported by an Israel Science Foundation center for
excellence grant and by the I-CORE program of the Planning and Budgeting Committee and the
Israel Science Foundation (grant number 1937/12).
22
A Vacuum Crossing in the Four-Way Duality
A.1 N = 1 WZ Model with SU(3) Symmetry
We consider the 3d N = 1 WZ model with a single superfield Φ in the adjoint of SU(3) and
superpotential
W = TrΦ3 + TrMΦ . (27)
Using the global SU(3) symmetry to diagonalize M and bring it to the form M = m3T3 + m8T8
with Ta the generators of SU(3) (normalized such that TrTaTb = 12δab), we find that at generic
values of m3,m8 there are two vacua at Φ = ±Φ0. Explicitly, writing Φ0 = φa0Ta we find:
φ30 = − 4
√
3
√√
m23 +m
2
8 −m8
φ80 =
4
√
3
√√
m23 +m
2
8 −m8
(√
m23 +m
2
8 +m8
)
m3
,
(28)
with all other φa0’s vanishing. In addition, there are three rays that start at the origin along which
the effective theory is a CP1 model.
The full phase diagram appears in Figure 3. One can now slowly move in a circle in the (m1,m2)
plane and see how the vacua (28) change. Doing this, we find that the vacua are exchanged after
we complete one rotation in the (m1,m2) plane. We thus have vacuum crossing.
A.2 3d N = 2 U(1)0 with Two Fields of Charge 1
Consider a 3d N = 2 U(1)0 with two fields of charge +1. Following [28], we can find the vacua by
solving the F-term equations in the low-energy effective superpotential for the vevs of the matter
fields Q1, Q2 and of the adjoint scalar s. The vacua are found in Appendix B, and we find that for
generic values of the parameters we have two solutions s±. The phase diagram appears in Figure
4, and we find that we have vacuum crossing as we go around the loop in parameter space. Note
that unlike most of the examples in Appendix B, in this case we do not cross a phase transition as
we go around the loop.
A.3 A 3d N = 2 SU(3) Gauge Theory
We now consider a 3d N = 2 SU(3)5/2 gauge theory with Nf = 3 fundamental fields Qi and a
superpotential W = abcijkQiaQ
j
bQ
k
c . We deform the theory by a real mass matrix for the SU(3)
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Figure 5: Phase Diagram for the N = 2 SU(3)5/2 gauge theory. The vacua at generic points are
trivial theories, while blue lines indicate moduli spaces. The solutions "jump" along the red lines.
The transitions along the red lines aren’t smooth, as opposed to the transitions in the dual theories.
We expect these transitions to be smoothed out due to quantum corrections.
global symmetry, with real masses m1,m2 and m3 = −m1 −m2. Once again we can solve for the
vacua of the theory as a function of the masses. The vacua were found in [16], where it was found that
vacua exist only when the adjoint scalar s in the vector multiplet takes the form s = diag(σ, σ,−2σ).
Apart from some rays emanating from the origin, there are exactly two solutions for the vacuum,
with σ taking two of the possible values σ ∈ {0,m1,m2,m3}. All of these SUSY vacua turn out to
be trivial theories. Explicitly, the phase diagram appears in Figure 5. Following the vacua as we go
around a large loop in parameter space, we find that they are indeed exchanged as we go around
the origin. We thus have vacuum crossing.
B Vacua of the 3d N = 2 U(1)0 Theory with Nf Fields of
Charge 1
We study a 3d N = 2 U(1)0 gauge theory with Nf fields ~Q of charge 1, where the real mass matrix
is taken to be
M = m
1Nf2 ×Nf2
−1Nf
2
×Nf
2
 , (29)
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for some m ∈ R. This choice of M preserves an S[U(Nf/2)× U(Nf/2)] symmetry. Following [28],
the vacuum equations are
|Qi|2 + |Qj |2 = r + 1
2
Nf
2
(|s+m|+ |s−m|)
(s+m)Qi = 0
(s−m)Qj = 0 ,
where s is the scalar component of the vector multiplet, and where i = 1, ..., Nf2 and j =
Nf
2 +
1, ..., Nf . The solutions are:
• If s = −m 6= 0 then Qj = 0 and |Qi|2 = r+ Nf2 |m|, which can only happen for r+
Nf
2 |m| > 0.
The low-energy theory is a CPNf/2−1 model.
• If s = m 6= 0 then Qi = 0 and |Qj |2 = r + Nf2 |m|, which can only happen for r +
Nf
2 |m| > 0.
The low-energy theory is again a CPNf/2−1 model.
• If s = m = 0 then we find a CPNf−1 moduli space of vacua for r > 0, corresponding to the
solutions of |Qi|2 + |Qj |2 = r.
• If Qi = Qj = 0 then if r < −Nf2 |m| we have vacua at s = ± 2Nf r which have a U(1)∓Nf
2
low-energy theory. In addition, along the special lines r = ±Nf2 m a Coulomb branch opens up
for r < 0. We will not worry about these lines.
The phase diagram is presented in Figure 4 (we focus on vacua at generic points, and do not dicsuss
the moduli spaces that open up along some rays). It is simple to see that as we go around in a circle
in parameter space, the vacua are exchanged, and so we find vacuum crossing.
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